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ABSTRACT: This study presents a Hankel-transform-based analytical framework for optimising electromagnetohy-
drodynamic (EMHD) fluid flow over a cylindrical surface, motivated by advanced material-processing applications such as 
coating, extrusion, thermal treatment, and surface modification. The interaction between electromagnetic forces and 
conductive fluid motion in cylindrical geometries introduces strong radial coupling effects that significantly influence 
momentum and thermal transport characteristics. To accurately capture these effects, the governing axisymmetric 
momentum and energy equations are formulated in cylindrical coordinates and solved using the zero-order Hankel 
transform technique. The transform approach reduces the coupled partial differential equations into algebraic forms in the 
spectral domain, enabling closed-form analytical solutions for velocity and temperature distributions in terms of Bessel 
functions. The influence of key nondimensional parameters—including the electromagnetic interaction parameter, Prandtl 
number, Schmidt number, and thermal radiation parameter is systematically analysed. Results show that electromagnetic 
forcing enhances flow control capability by modifying boundary layer thickness, while thermal radiation significantly alters 
radial heat penetration depth. An optimization analysis is conducted to determine parameter regimes that maximize 
thermal uniformity and minimize hydrodynamic resistance on the cylindrical surface. The Hankel-based spectral 
formulation provides improved mathematical stability and computational efficiency compared to purely numerical 
approaches. The findings offer practical design guidelines for EMHD-assisted cylindrical processing systems, contributing 
to enhanced precision, energy efficiency, and material quality in advanced manufacturing technologies. 
 
Keywords: Bessel-function solutions, electromagnetohydrodynamic, exponentially stretching cylinder, Hankel-based 
optimisation, heat transfer. 
 
 
INTRODUCTION 
 
Electromagnetohydrodynamic (EMHD) fluid flow, which 
arises from the interaction of electrically conducting fluids 
with simultaneous electric and magnetic fields, has 
become a central topic in modern transport phenomena 
due to its wide applicability in advanced manufacturing and 
thermal engineering systems. Unlike conventional 
hydrodynamic control mechanisms, EMHD enables direct 
manipulation of momentum and heat transfer through 
Lorentz forces, thereby offering a non-invasive and highly 
responsive means of regulating boundary-layer behaviour. 

This capability is particularly significant in cylindrical 
configurations commonly encountered in industrial 
processes such as fibre coating, polymer extrusion, 
thermal annealing, and surface deposition, where 
curvature effects strongly influence flow stability and heat 
distribution. 

The modelling of EMHD flows over curved geometries 
introduces substantial analytical complexity. The 
governing equations in cylindrical coordinates inherently 
involve  radial   coupling   and   singular   behaviour, making  
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direct analytical treatment challenging. Consequently, 
earlier studies have largely relied on numerical or semi-
analytical techniques to examine magnetohydrodynamic 
(MHD) and EMHD transport characteristics. For instance, 
Preetham and Kumbinarasaiah (2024) demonstrated that 
numerical collocation techniques provide accurate and 
stable solutions for MHD boundary-layer flow over 
exponentially stretching sheets with heat absorption, 
generation, and chemical reaction effects. Similarly, 
Kayalvizhi and Vijaya Kumar (2022) analysed entropy 
generation in EMHD hybrid nanofluid systems, revealing 
the strong dependence of thermal efficiency on radiation 
and porous medium effects. 

Recent investigations into hybrid nanofluid and curved 
surface flows further highlight the sensitivity of velocity and 
temperature distributions to electromagnetic forcing and 
thermal conditions. Studies such as those by Sandeep et 
al. (2025) and Muhammad et al. (2024) emphasise that 
magnetic field orientation, radiation intensity, and surface 
stretching significantly alter boundary-layer thickness and 
heat transfer rates. Complementary research by Abbas et 
al. (2023) demonstrated that convective boundary 
conditions, viscous dissipation, and magnetic field effects 
significantly influence the thermal behaviour and flow 
characteristics of MHD fluid systems over stretching 
surfaces. 

Building on these developments, earlier contributions by 
Adetoye et al. (2025) have provided valuable insight into 
cylindrical nanofluid dynamics. In particular, their analytical 
investigation of silver nanofluid flow over cylindrical 
enclosures established the influence of magnetic fields, 
thermal conductivity models, and viscosity variations on 
velocity, temperature, and concentration distributions. 
These findings were further complemented by numerical 
studies incorporating Laplace transform techniques and 
non-dimensional analysis, which revealed the intricate 
coupling between Lorentz forces, conductive properties, 
and convective transport mechanisms (Nascimento et al., 
2024). Such studies underscore the strong linkage 
between classical MHD and EMHD frameworks, 
suggesting that the inclusion of electric field effects can 
further enhance flow controllability and thermal regulation. 

The increasing demand for precision in industrial 
processes has intensified the need for advanced flow 
control strategies. Applications such as thin-film coating, 
continuous casting, and glass fibre production involve 
stretching or moving cylindrical surfaces that generate 
nonlinear velocity fields and complex thermal gradients. In 
these systems, even minor variations in boundary-layer 
characteristics can significantly affect surface quality, 
structural integrity, and energy efficiency. MHD-based flow 
control offers a promising pathway to address these 
challenges by enabling precise regulation of fluid motion 
and thermal transport, thereby improving thermal 
efficiency and enhancing the uniformity of transport 
processes (Mburua et al., 2024). 

Heat   transfer    mechanisms   within    EMHD    boundary  

 
 
 
 
layers are equally critical, particularly under high-
temperature operating conditions. Thermal radiation can 
substantially enhance heat transport, while Joule heating 
resulting from electrical current dissipation can either 
improve thermal energy distribution or lead to localised 
overheating if not properly managed. Recent 
investigations by Khader et al. (2023) revealed that 
spectral collocation techniques are highly effective for 
handling the nonlinear and stiff nature of governing 
equations in MHD transport problems. Fourier 
pseudospectral methods and reduced-order modelling 
approaches have demonstrated superior convergence, 
computational efficiency, and accuracy compared to 
traditional numerical schemes (Albuquerque et al., 2024; 
Nascimento et al., 2024). These methods allow compact 
representation of spatial variations and enable efficient 
parametric analysis of key dimensionless quantities such 
as Hartmann number, Prandtl number, and radiation 
parameter. Furthermore, spectral optimisation frameworks 
have proven effective in identifying optimal 
electromagnetic configurations that achieve desired 
thermal and hydrodynamic performance (Muzara and 
Shateyi, 2023). 

Despite these advances, most existing studies rely 
predominantly on Fourier-based or numerical approaches, 
with limited attention given to transform methods 
specifically suited to cylindrical geometries. In particular, 
the application of Hankel transform techniques—which 
naturally incorporate Bessel function representations and 
radial symmetry—remains underexplored in the context of 
EMHD flow optimisation. Given the inherent compatibility 
of Hankel transforms with cylindrical domains, their use 
offers significant potential for deriving closed-form 
analytical solutions and gaining deeper physical insight 
into radial transport phenomena. 

Motivated by this gap, the present study develops a 
Hankel-transform-based analytical framework for the 
investigation and optimisation of EMHD fluid flow over a 
cylindrical surface. By transforming the governing 
equations into the spectral domain, the approach yields 
tractable solutions for velocity and temperature fields while 
preserving the essential physics of electromagnetic 
coupling and curvature effects. This formulation not only 
enhances mathematical tractability but also provides a 
robust basis for optimising process parameters in 
advanced material processing applications. Ultimately, the 
study contributes to both theoretical advancements in 
EMHD modelling and practical improvements in industrial 
system design, where precise control of flow and heat 
transfer is essential for achieving high-quality 
manufacturing outcomes. 
 
 
MATHEMATICAL FORMULATION OF THE PROBLEM 
 
The continuity equation, momentum equation, the energy 
equation and the  equation  of  concentration  are  the  main  



 

 
 
 
 
partial differential equations that theoretically validate the 
impacts of chemical reactions and radiation, respectively. 
 
𝜕𝜌

𝜕𝑡
+

𝜕𝑢𝑟

𝜕𝑟
= 0     (1) 

 

𝜌
𝜕𝑢(𝑟)

𝜕𝑡
= −𝛻𝜌 + 𝜇𝛻2𝑢 + 𝑔𝛽𝜃(𝜃 − 𝜃∗) + 𝑔𝛽𝜙(𝜙 − 𝜙∗) −

𝜎𝐵0
2𝑢𝑟 − 𝜎0     (2) 

 

(𝜌𝐶𝑝)
𝜕𝜃(𝑟)

𝜕𝑟
= 𝐾

𝜕2𝜃

𝜕𝑟2 −
𝜕

𝜕𝑟
(𝑞(𝑟))   (3) 

 

(𝜌𝐶𝑝)
𝜕𝜙

𝜕𝑟
= 𝐷

𝜕2𝜙

𝜕𝑟2 − 𝐾0
2𝜙    (4) 

 

In a situation where (EMHD) fluid flow is considered 
incompressible, and is subjected to a steady state flow 
condition in the Cartesian system, then equations (2) – (4), 
with the use of equation (1), are transformed into 
 
1

𝜌
𝜇𝛻2𝑢 −

1

𝜌
𝛻𝜌 +

𝑔𝛽𝜃(𝜃−𝜃∗)

𝜌
+

𝑔𝛽𝜙(𝜙−𝜙∗)

𝜌
−

𝜎𝐵0
2𝑢𝑟

𝜌
−

𝜎0

𝑢𝑟
= 0   (5) 

 
1

(𝜌𝐶𝑝)
𝐾

𝜕2𝜃

𝜕𝑟2 −
1

(𝜌𝐶𝑝)

𝜕

𝜕𝑟
(𝑞(𝑟)) = 0   (6) 

 
1

(𝜌𝐶𝑝)
𝐷

𝜕2𝜙

𝜕𝑟2 −
1

(𝜌𝐶𝑝)
𝐾0

2𝜙 = 0   (7) 

 

Where: u = fluid velocity, 𝜃 = temperature, 𝜌 = fluid density, 

𝜇 = viscosity of fluid, 𝐶𝑝 = specific heat at persistent 

pressure, 𝑞𝑟= radiation term, K = thermal conductivity of 
fluid, 𝐾0 = chemical reaction term, D = chemical molecular 

diffusivity, 𝜙 = fluid concentration. 
 

By using Rosseland approximation (𝑞𝑟) to consider the 
effect of radiation on an optically thick model in which the 
thermal layer becomes very thick. 
 

𝑞(𝑟) = −
1

3𝛼
4𝐾𝐵

𝜕

𝜕𝑟
𝜃4    (8) 

 

Where: 𝐾𝐵 is the Stefan-Boltzmann constant, and 𝛼 is the 
absorption coefficient. It is assumed that the temperature 
difference within the flow is sufficiently small such that 𝜃4 
can be expressed as a linear function of temperature. This 
is accomplished by expanding 𝜃4 in a Taylor series about 

θ∞ and neglecting higher order terms, the expression 
results in to 
 

𝜃4 = 4𝜃∞
3 𝜃 − 3𝜃∞

4     (9) 
 
Using equations (8) and (9), equation (6) takes the form 
 
𝜌

𝑟

𝜕𝜃

𝜕𝑟
=

1

(𝜌𝐶̂𝑝)
𝐾 (1 +

16𝐾0𝜃3

3𝛼
)

1

𝑟

𝜕

𝜕𝑟
(𝑟

𝜕𝜃

𝜕𝑟
) −

1

(𝜌𝐶̂𝑝)
𝐾

1

𝑟
𝑞(𝑟)          (10) 

 
 
Dimensional analysis 
 
Equations 5-7 are transformed into dimensionless 
parameters   of   the   Schmidts  number,  Prandtls  number,  
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Grashof number, Radiation parameter, Heat function, 
Electroconductivity and Magnetic term. The dimensionless 
quantities used are: 
 

𝑅𝑒−1 =
𝜇𝜌

𝜌𝜇
, 𝑃𝑟 =

𝑘(𝜌𝐶𝑝)

𝑘(𝜌𝐶𝑝)
, 𝑆𝑐 =

𝑘(𝜌𝐶𝑝)

𝐷(𝜌𝐶𝑝)
, 𝑢 =

𝑣𝑟𝑡∗

𝑟
, 𝑟 =

𝑟∗

𝑑
, 𝑘0 =

𝑘𝑟
2(𝜌𝐶𝑝)

(𝜌𝐶𝑝)𝑣∗2 , 𝐺𝑟𝜃 =
𝑔𝛽(𝜃−𝜃0)𝜇

𝑣𝑟
2𝛽

, 𝐺𝑟𝜙 =
𝑔𝛽∗(𝜙−𝜙0)𝜇

𝑣𝑟
2𝛽∗ , 𝜃 =

𝜃−𝜃0

𝜃0
, 𝜙 =

𝜙−𝜙0

𝜙0
, ℜ =

16𝜁𝜃0
3𝜌

3𝛼(𝐶𝑝)
, 𝐻𝑎 =

𝜎𝐵0
2𝑣𝑟

𝜌
, 𝜎0 =

𝜎0

𝑣𝑟
 

 
Rewriting equations (5), (7) and (10) in dimensionless 
form, the modelled equations are transformed into 
 
1

𝑅𝑒
[

1

𝑟

𝜕𝑢𝑟

𝜕𝑟
+

𝜕2𝑢𝑟

𝜕𝑟2
] −

1

𝑟

𝜕𝑢𝑟

𝜕𝑟
+ 𝐺𝑟𝜃𝜃 + 𝐺𝑟𝜙𝜙 − 𝐻𝑎𝑢𝑟 − 𝜎0𝑢𝑟 = 0        (11) 

 
1

𝑃𝑟
[

1

𝑟

𝜕𝜃

𝜕𝑟
+

𝜕2𝜃

𝜕𝑟2] −
1

𝑟

𝜕𝜃

𝜕𝑟
− ℜ (

1

𝑟

𝜕𝜃

𝜕𝑟
+

𝜕2𝜃

𝜕𝑟2
) = 0         (12) 

 
1

𝑆𝑐
[

1

𝑟

𝜕𝜙

𝜕𝑟
+

𝜕2𝜙

𝜕𝑟2 ] −
1

𝑟

𝜕𝜙

𝜕𝑟
−

1

𝑟
𝐾0𝜙 = 0           13) 

 
Where: Re = Reynolds number, Pr = Prandlt number, Sc = 
Schmidt number, 𝐺𝑟𝜃

𝜃 = thermal Grashofs number, 𝐺𝑟𝜙
𝜙 = 

modified Grashofs number, ℜ = dimensionless radiation 
term, 𝜃 = dimensionless temperature, u = dimensionless 

velocity, 𝜙 = dimensionless concentration, 𝐻𝑎 = magnetic 

Hartmann number, 𝜎0 = electroconductivity term 𝑘0 = 
dimensionless chemical reaction term and r = 
dimensionless area of fluid flow. 
 
 
Solution technique 
 
We consider the steady, laminar flow of an incompressible, 
electrically conducting fluid over an exponentially 
stretching cylindrical surface. Equation (13) can be 
rewritten as 
 
1

𝑆𝑐
𝛻𝑟

2𝜙 −
1

𝑟

𝜕𝜙

𝜕𝑟
−

𝐾0

𝑟
𝜙 = 0    (14) 

 

Where 𝛻𝑟
2𝜙 = 𝜙𝑟𝑟 +

1

𝑟
𝜙𝑟    (15) 

 
Multiply equation (14) by Sc 
 

𝛻𝑟
2𝜙 − 𝑆𝑐

1

𝑟

𝜕𝜙

𝜕𝑟
− 𝑆𝑐

𝐾0

𝑟
𝜙 = 0   (16) 

 
Apply the Zero-order Hankel transform 
 

𝜙̃(𝑘) = ∫ 𝜙(𝑟)𝐽0(𝑘𝑟)𝑟𝑑𝑟
∞

0
   (17) 

 
Applying the Hankel transform into (16), it gives 
 

𝛨0[𝛻𝑟
2𝜙] = −𝑘2𝜙̃(𝑘)    (18) 

 
Equation (16) is transformed to 
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𝛨0[𝛻𝑟
2𝜙] = −𝑘2𝜙̃(𝑘), 𝛨0 [

1

𝑟

𝜕𝜙

𝜕𝑟
] = −𝑘𝜙̃(𝑘)  (19) 

 

Also, for the −
𝐾0

𝑟
𝜙 term, Hankel transform gives 

approximately −𝐾0𝜙̃(𝑘) in eigenvalue form. 
 
Applying Hankel transform equation (14) becomes 
 
1

𝑆𝑐
(−𝑘2𝜙̃) − (−𝑘𝜙̃) − 𝑘0𝜙̃ = 0            (20) 

 

−
𝑘2

𝑆𝑐
𝜙̃ + 𝑘𝜙̃ − 𝑘0𝜙̃ = 0    (21) 

 

𝜙̃ = (−
𝑘2

𝑆𝑐
+ 𝑘 − 𝑘0) = 0    (22) 

 
Equation (21) is a non-trivial solution in the form of a 
quadratic in k: 
 

−
𝑘2

𝑆𝑐
+ 𝑘 − 𝑘0 = 0 ⇒ 𝑘2 − 𝑆𝑐𝑘 + 𝑆𝑐𝑘0 = 0  (23) 

 

Using quadratic formula to solve equation (23) 
 

𝑘 =
𝑆𝑐±√𝑆𝑐2−4𝑆𝑐𝑘0

2
=

𝑆𝑐±√𝑆𝑐(𝑆𝑐−4𝑘0)

2
               (24) 

 

Applying Inverse Hankel Transform with discrete 
eigenvalues solution gives 
 
𝜙(𝑟) = 𝐶1 + 𝐶2𝐽0(𝑘𝑟)              (25) 
 
Substitute equation (24) into (25) it yields  
 

𝜙(𝑟) = 𝐶1 + 𝐶2𝐽0 (
𝑆𝑐+√𝑆𝑐(𝑆𝑐−4𝑘0)

2
𝑟) + 𝐶3𝐽0 (

𝑆𝑐−√𝑆𝑐(𝑆𝑐−4𝑘0)

2
𝑟) 

            (26) 
 
Boundary conditions 
 

• At 𝑟 = 0: regularity → finite, automatically satisfied 
since 𝐽0(0) = 1 

• At 𝑟 = 𝑎: wall concentration 𝜙(𝑎) = 𝜙𝑤→ solve for 
𝐶1, 𝐶2, 𝐶3 

• At 𝑟 → ∞: for bounded solution, discard divergent 
terms (if 𝑘is complex with growing exponential) 

 
Final Concentration Solution using Hankel Method in the 
form of a standard modified Bessel equation of order zero.: 
 
𝜙(𝑟) = 𝐴𝐼0(𝜆𝑟) + 𝐵𝐾0(𝜆𝑟)    (27) 
 

where: 𝜆2 = 𝑆𝑐 𝐾0 
 
The radial Laplacian form of equation (12) gives 
 

𝛻𝑟
2𝜃 = 𝜃𝑟𝑟 +

1

𝑟
𝜃𝑟       (28) 

 

Substituting     equation     (28)     into     (12),     it     becomes 

 
 
 
 

(
1

𝑃𝑟
− 𝑅) ∇𝑟

2𝜃 −
1

𝑟
𝜃𝑟 = 0     (29) 

 

Let 𝐴 = (
1

𝑃𝑟
− 𝑅) 

 
Then equation (29) becomes 
 

𝐴𝛻𝑟
2𝜃 −

1

𝑟
𝜃𝑟 = 0     (30) 

 
Apply Zero-Order Hankel Transform 
 

𝜃̃(𝑘) = ∫ 𝜃(𝑟)𝐽0(𝑘𝑟)𝑟𝑑𝑟
∞

0
   (31) 

 
Key properties of the Hankel Transform give 
 

𝛨0[𝛻𝑟
2𝜃] = −𝑘2𝜃̃(𝑘) 

 

𝛨0 [
1

𝑟
𝜃𝑟] = −𝑘𝜃̃(𝑘)    (32) 

 
Applying equation (32) term-by-term it implies 
 

𝐴(−𝑘2𝜃̃) − (−𝑘𝜃̃) = 0     (33) 

 

𝜃̃(𝑘)(−𝐴𝑘2 + 𝑘) = 0    (34) 
 

Solving equations (33) and (34) in the inverse Hankel 
Transform 
 

𝜃(𝑟) = ∫ 𝜃̃(𝑘)𝐽0(𝑘𝑟)𝑑𝑘
∞

0
    (35) 

 

Since the solution exists only at discrete eigenvalues, we 
obtain: 
 

𝜃(𝑟) = 𝐶1 + 𝐶2𝐽0 (
𝑟

𝐴
)    (36) 

 

Where 𝐴 =
1

𝑃𝑟
 

 
Boundary Conditions (Cylindrical) 
 
Regularity at centre r = 0 since 𝐽0(0) = 1, solution remains 
finite automatically. 
 
For a finite cylinder 0 ≤ 𝑟 ≤ 𝑎, wall temperature condition: 
𝜃(𝑎) = 𝜃𝑤, then: 
 

 𝐶1 + 𝐶2𝐽0  (
𝑎

𝐴
) = 𝜃𝑤 

 
For the exterior region, 𝒓 → ∞ 
 
Because 𝐽0 oscillates does not decay, boundedness 

requires: 𝐶2 = 0 
 

Solution of the temperature equation obtained using the 
Zero-Order Hankel Transform in Cylindrical coordinates 
becomes: 



 

 
 
 
 

𝜃(𝑟) = 𝐶1 + 𝐶2𝐽0 (
𝑟

1

𝑃𝑟
 −𝑅

)    (37) 

 

Equation (11) can be written in cylindrical Laplacian form 
 
1

𝑅𝑒
∇𝑟

2𝑢 −
1

𝑟
𝑢 + 𝐺𝑟𝜃𝜃 + 𝐺𝑟𝜙𝜙 − (𝐻𝑎 + 𝜎0)𝑢 = 0 (38) 

 

Let equations (27) and (37) become 
 

𝜃(𝑟) = 𝐴1 + 𝐴2𝐽0(𝜆𝑇𝑟)    (39) 
 

𝜙(𝑟) = 𝐵1 + 𝐵2𝐽0(𝜆𝐶𝑟)    (40) 
 

Substitute equations (39) and (40) into the momentum 
equation (38) 
 
1

𝑅𝑒
∇𝑟

2𝑢
1

𝑟
(𝐻𝑎 + 𝜎0)𝑢 + 𝐺𝑟

𝜃
𝜃 (𝐴1 + 𝐴2𝐽0

(𝜆𝑇𝛾)) + 𝐺𝑟
𝜙

𝜙 (𝐵1 +

𝐵2𝐽
0
(𝜆𝐶𝛾))     (41) 

 
Apply Zero-Order Hankel Transform  
 

𝑢̃(𝑘) = ∫ 𝑢(𝑟)𝐽0(𝑘𝑟)𝑟𝑑𝑟
∞

0
   (42) 

 
Key properties of the Hankel Transform give 
 

𝛨0[𝛻𝑟
2𝑢] = −𝑘2𝑢̃ 

 

𝛨0 [
1

𝑟
𝑢] − 𝑘𝑢̃     (43) 

 
Transform each term in equation (41) 
 

Laplacian term: 
1

𝑅𝑒(−𝑘2𝑢)
 

 
Second term: −(−𝑘𝑢̃) = +𝑘𝑢̃ 
 
Velocity damping: −(𝐻𝑎 + 𝜎0)𝑢̃ 
 
Let Hankel transform of 𝐽0(𝜆𝑟)gives delta function: 
 

𝛨0[𝐽0(𝜆𝑟)] =
1

𝑘
𝛿(𝑘 − 𝜆)    (44) 

 
Constants produce 𝛿(𝑘), equation (41) becomes 
 

[−
𝑘2

𝑅𝑒
+ 𝑘 − (𝐻𝑎 + 𝜎0)] 𝑢̃ = −𝐺𝑟𝜃𝜃̃ − 𝐺𝑟𝜙𝜙̃ (45) 

 

𝑢̃(𝑘) =
𝐺𝑟𝜃𝜃̃(𝑘)+𝐺𝑟𝜙𝜙̃(𝑘)

𝑘2

𝑅𝑒
−𝑘+(𝐻𝑎+𝜎0)

    (46) 

 
Apply Inverse Hankel Transform 
 

𝑣(𝑟) = ∫ 𝑢̃(𝑘)𝐽0(𝑘𝑟)𝑘𝑑𝑘
∞

0
   (47) 

 
Let 𝑘 = 𝜆𝑇 , 𝑘 = 𝜆𝐶final velocity solution become 
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𝑢(𝑟) = 𝐶0 +
𝐺𝑟𝜃𝐴2

𝐷(𝜆𝑇)
𝐽0(𝜆𝑇𝑟) +

𝐺𝑟𝜙𝐵2

𝐷(𝜆𝐶)
𝐽0(𝜆𝐶𝑟)  (48) 

 

where: 𝐷(𝑘) =
𝑘2

𝑅𝑒(𝐻𝑎+𝜎0)
 

 
Applying boundary conditions (Cylindrical Flow) 
 
For a solid cylinder 0 ≤ 𝑟 ≤ 𝑎: 
 

𝑣 finite at 𝑟 = 0, 𝐽0(0) = 1, 𝑣(𝑎) = 0, 
𝑑𝑣

𝑑𝑟
(0) = 0, 𝐽0

′ (0) = 0 

      (49) 
 
Final compact solution for momentum equation 
 

𝑢(𝑟) = 𝐶0 +
𝐺𝑟𝜃𝐴2

𝜆𝑇
2

𝑅𝑒
 −𝜆𝑇+(𝐻𝑎+𝜎0)

𝐽0(𝜆𝑇𝑟) +
𝐺𝑟𝜙𝐵2

𝜆𝐶
2

𝑅𝑒
 −𝜆𝐶+(𝐻𝑎+𝜎0)

𝐽0(𝜆𝐶𝑟) 

      (50) 
 
 

Optimisation and application of electromagnetohy-
drodynamic fluid flow 
 
Optimisation of electromagnetohydrodynamic (EMHD) 
fluid flow plays a critical role in enhancing heat and mass 
transfer in electrically conducting fluids through the 
effective control of key governing parameters, including 
magnetic field intensity and thermal radiation effects. In the 
present study, the Fourier transform method is employed 
to obtain analytical solutions, enabling clear identification 
of optimal conditions for improved transport performance. 
Optimised EMHD flow systems have wide-ranging 
applications in engineering and technology, including 
electromagnetic pumping, advanced cooling systems, 
metallurgical processing, and microfluidic devices, where 
precise control of fluid motion and thermal characteristics 
is essential. The analysis reveals that optimal system 
performance can be achieved under appropriate 
combinations of governing parameters, as outlined below: 
 
 

Effective thermal diffusivity 
 
The effective thermal diffusivity represents the modified 
capacity of the fluid to conduct and diffuse heat in the 
presence of additional physical effects, particularly thermal 
radiation. It accounts for the combined contribution of 
classical molecular heat conduction and radiative heat 
transfer within the fluid medium. This parameter plays a 
key role in governing the rate at which temperature 
variations propagate through the boundary layer and, 
consequently, strongly influences the overall heat transfer 
characteristics of the system. Mathematically, the effective 
thermal diffusivity is expressed as: 
 

𝛼𝑒𝑓𝑓 = 𝛼 (1 +
4

3
𝑅)    (51) 

 
Where the radiation parameter R is 
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𝑅 =
4𝜎∗𝑇∞

3

𝑘𝑘∗      (52) 

 
 
Sherwood number 
 
This parameter represents the rate of mass transfer from 
the stretching surface into the surrounding fluid. It is a 
dimensionless quantity that characterises the relative 
dominance of convective mass transport over molecular 
diffusion within the boundary layer. A higher Sherwood 
number corresponds to enhanced mass transfer rates and 
a thinner concentration boundary layer in the vicinity of the 
surface. 
 

𝑆ℎ = −
𝑑𝜙

𝑑𝑟
|

𝑟=0
= 𝜆 = √𝑆𝑐𝐾0   (53) 

 
 
Nusselt number 
 
The Nusselt number (𝑁𝑢) characterises the rate of heat 
transfer from the stretching surface to the adjacent fluid 
within the boundary layer. It is a dimensionless parameter 
that represents the ratio of convective heat transfer to 
conductive heat transfer at the surface. In 
electromagnetohydrodynamic (EMHD) flow over an 
exponentially stretching sheet, the Nusselt number 
indicates the effectiveness of thermal energy transport 
from the surface into the electrically conducting fluid. A 
higher Nusselt number signifies enhanced heat transfer at 
the surface, leading to a thinner thermal boundary layer 
and more efficient heat removal from the stretching sheet. 
 

𝑁𝑢 = √
𝑃𝑟 𝜆

1+
4

3
𝑅
     (54) 

 
 
Skin friction coefficient  
 
The skin friction coefficient is a dimensionless parameter 
that quantifies the shear stress exerted by the fluid on the 
stretching surface due to its motion. It represents the 
resistance offered by the fluid to the movement of the 
surface and is directly related to the velocity gradient at the 
wall. In electromagnetohydrodynamic (EMHD) flow, the 
skin friction coefficient provides insight into the influence of 
the magnetic field, boundary forces, and other governing 
parameters on the near-wall flow behaviour. A higher value 
of the skin friction coefficient indicates increased frictional 
drag between the fluid and the stretching sheet. 
 

𝐶𝑓 =
𝑑𝑢

𝑑𝑟
|

𝑟=0
     (55) 

 
Differentiating the velocity solution gives 
 

𝐶𝑓 =
𝐺𝑟𝜃

𝑀−𝛽2 (−
1

2
+

𝛽

2√𝑀
) +

𝐺𝑟𝜙

𝑀−𝜆2 (−
1

2
+

𝜆

2√𝑀
)  (56) 

 
 
 
 
Entropy generation analysis 
 
Entropy generation represents the thermodynamic 
irreversibility occurring within the fluid system. It quantifies 
the rate of energy degradation resulting from heat transfer, 
viscous dissipation, magnetic effects, and mass diffusion. 
Through entropy generation analysis, it becomes possible 
to identify the dominant mechanisms responsible for 
energy loss and system inefficiency. This analysis is 
particularly important in electromagnetohydrodynamic 
(EMHD) flows, as it provides a basis for optimising 
operating conditions that enhance heat and mass transfer 
while minimising irreversibility, thereby improving overall 
thermal-fluid performance. The dimensional local entropy 
generation rate is expressed as follows: 
 

𝑆𝑔𝑒𝑛
!!! =

𝑘

𝑇∞
2 (

𝜕𝜃

𝜕𝑟
)

2

+
𝜇

𝑇∞
(

𝜕𝑢

𝜕𝑟
)

2

+
𝜎𝐵0

2

𝑇∞
𝑢2 +

𝐷

𝑇∞
(

𝜕𝜙

𝜕𝑟
)

2

 (57) 

 
Applying dimensionless analysis on equation (66) it 
becomes the entropy generation number 
 

𝑁𝑠 = (
𝜕𝜃

𝜕𝑟
)

2

+ 𝐵𝑟 (
𝜕𝑢

𝜕𝑟
)

2

+ 𝑀𝑢2 + 𝛤 (
𝜕𝜙

𝜕𝑟
)

2

  58) 

 
 
Exact Solutions 
 

Exact solutions refer to closed-form analytical expressions 
for the velocity, temperature, and concentration fields that 
exactly satisfy the governing differential equations 
together with the associated boundary conditions. These 
solutions provide valuable physical insight into the 
influence of key flow parameters on the system behaviour. 
In addition, they enable the precise evaluation of important 
engineering quantities such as the Nusselt number, 
Sherwood number, and skin friction coefficient. 
 

Recall  
 

𝜃 = 𝑒−𝛽𝑟     (59) 
 

𝜙 = 𝑒−𝜆𝑟     (60) 
 
𝑣(𝑟) =(sum of exponential terms) 
 

Solve the first derivative of equations (59) and (60) 
 
𝜕𝜃

𝜕𝑟
= −𝛽𝑒−𝛽𝑟     (61) 

 
𝜕𝜙

𝜕𝑟
= −𝜆𝑒−𝜆𝑟     (62) 

 

Solve the second derivative of equations (61) and (62) 
 

(
𝜕𝜃

𝜕𝑟
)

2

= 𝛽2𝑒−2𝛽𝑟     (63) 

 

(
𝜕𝜙

𝜕𝑟
)

2

= 𝜆2𝑒−2𝜆𝑟     (64) 
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Table 1. Selected realistic values of dimensionless hydrodynamic parameters 
 

Parameters Value 

Prandtl number (Pr) 3.5, 7.0, 10.5, 14.0, 17.5 

Reynolds number (Re) 10, 20, 30, 40, 50 

Schmidt number (Sc) 2.5, 4.5, 6.5, 8.5, 10.5 

Radiation term (𝕽) 3.5, 6.5, 9.5, 12.5, 15.5 

Grashof number (𝑮𝒓𝝓) due to concentration 3.2, 6.4, 9.6, 12.8, 16.0 

Grashof number (𝑮𝒓𝜽) due to temperature 2.6, 5.2, 7.8, 10.4, 13.0 

Magnetic Hartmann Number (Ha) 0.5, 1.5, 2.5, 3.5, 4.5 

Chemical reaction term (k0) 1.8, 3.6, 5.4, 7.2, 9.0 

Electro-conductivity term (𝝈0) 0.25, 0.50, 1.75, 1.00, 1.25 

 
 
 

Substitute equations (63) and (64) into (58), which gives 
the final entropy generation expression 
 

𝑁𝑠 = 𝛽2𝑒−2𝛽𝑟 + 𝐵𝑟 (
𝜕𝑢

𝜕𝑟
)

2

+ 𝑀𝑢2 + 𝛤𝜆2𝑒−2𝜆𝑟 (65)  

 
 

RESULTS AND DISCUSSION 
 

For clearer insight into the physical problem and 
application of electromagnetohydrodynamic (EMHD) fluid 
flow for advanced material processing equations (27), (37) 
and (50), together with the modified boundary conditions, 
are solved numerically with Table 1 using the Zero-Order 
Hankel Transform Method. The resulting computational 
fluid dynamics outcomes over a cylindrical surface for 
advanced material processing are illustrated through the 
graphs in Figures 1 to 20. 

The variation of the concentration profile 𝜙 with the radial 

coordinate 𝑟 in cylindrical coordinates for different values 

of the chemical reaction parameter 𝑘0 is shown in Figure 
1. This figure presents the variation of concentration 𝜙with 

radial distance 𝑟 for different chemical reaction rates 𝑘0. It 

is observed that increasing 𝑘0 enhances species 

consumption, leading to a sharper decay of concentration 
near the cylindrical surface and a thinner concentration 
boundary layer. This behaviour is in agreement with the 
findings of Ahmad et al. (2023), who reported that higher 
chemical reaction parameters significantly reduce species 
concentration in MHD nanofluid flows due to intensified 
reactive depletion. Similarly, Alsharif et al. (2024) observed 
that strong chemical reaction effects accelerate mass 
transfer attenuation, thereby thinning the concentration 
boundary layer in stretching surface problems. 

Figure 2 illustrates the influence of the Schmidt number 
(𝑆𝑐) on the concentration profile. It is evident that 

increasing 𝑆𝑐reduces molecular diffusivity, resulting in 
steeper concentration gradients and a thinner boundary 
layer, whereas lower 𝑆𝑐enhances diffusion and allows 

deeper penetration of species into the fluid domain. This 
trend aligns with the results of Alatyar et al. (2023), who 
demonstrated that higher Schmidt numbers suppress 

mass diffusion and significantly reduce solutal boundary- 

 
 

Figure 1. Concentration profile 𝜙 against boundary layer r for 

varying chemical reaction term 𝑘0. 
 
 
 

 
 

Figure 2. Concentration profile 𝜙 against boundary layer r for 
varying Schmidt number Sc.  
 
 

layer thickness in nanofluid transport. Likewise, Hayat et 
al. (2024) confirmed that diffusion-dominated regimes 
strongly influence concentration decay behaviour in 
EMHD/MHD flows. 

Figure 3 presents the temperature distribution for 
varying radiation parameter values along the radial  
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Figure 3. Temperature profile 𝜃 against boundary layer r for 

varying Radiation term (ℜ). 
 
 
 

 
 

Figure 4. Temperature profile 𝜃 against boundary layer r for 
varying Prandtl number Pr. 
 
 
 

direction. Increasing radiation enhances heat transfer, 
raising temperature levels within the boundary layer. 
Consequently, the thermal boundary layer becomes 
thicker due to deeper heat penetration. This outcome is in 
agreement with the findings of Ojo and Egbo (2025) 
displaying the lower radiation reduces energy transport, 
resulting in thinner thermal layers. This demonstrates the 
strong influence of radiative heat transfer in EMHD 
systems. 

Figure 4 shows the temperature profile for different 
Prandtl numbers (Pr) along the radial coordinate. Higher 
Pr reduces thermal diffusivity, leading to steeper 
temperature gradients and thinner thermal boundary 
layers. In contrast, lower Pr allows heat to diffuse more 
easily, producing thicker thermal layers. This behaviour is 
crucial in regulating heat transfer characteristics. It has 
direct implications for thermal control in material 
processing this is in agreement with the results of Adetoye 
et al. (2026). 

Figure   5   depicts   the   velocity   distribution  for  varying  

 
 
 
 

 
 

Figure 5. Velocity profile u against boundary layer r for varying 
Reynolds number (Re). 

 
 
 

 
 

Figure 6. Velocity profile u against boundary layer r for varying 

Grashof number in term of concentration (𝐺𝑟𝜙). 

 
 
 

Reynolds numbers along the radial direction. Higher 
Reynolds numbers enhance inertial effects, increasing 
fluid velocity near the surface and thinning the boundary 
layer. Lower Reynolds numbers strengthen viscous forces, 
reducing velocity and thickening the boundary layer. The 
results illustrate the competition between inertia and 
viscosity. This is essential for understanding flow 
behaviour in EMHD systems. This outcome is in line with 
the findings of Ojo et al. (2026).  

Figure 6 shows the velocity profile for different 
concentration Grashof numbers 𝐺𝑟𝜙. Increasing 𝐺𝑟𝜙 

strengthens buoyancy forces, resulting in higher velocities 
and thicker boundary layers. Lower values weaken 
buoyancy effects, reducing flow intensity. This 
demonstrates the role of concentration-driven natural 
convection. The results are important for mass-transfer-
driven EMHD flows. This result agreed with the findings of 
Gupta et al. (2025). 

Figure 7 shows the influence of chemical reaction 
parameter 𝑘0on the velocity profile. Higher 𝑘0reduces 
species concentration, weakening buoyancy forces and 
lowering velocity. This leads to a thinner velocity  boundary 

 

 

  



 

 
 
 
 

 
 

Figure 7. Velocity profile u against boundary layer r for varying 

chemical reaction term (𝑘0). 
 
 
 

 
 

Figure 8. Velocity profile u against boundary layer r for varying 
Schmidt number (Sc). 

 
 
 

layer. Conversely, smaller 𝑘0 enhances concentration and 
increases flow velocity. This outcome is in agreement with 
the findings of Aljaloud et al. (2025). Their results reveal 
the coupling between chemical reaction and fluid motion. 
Figure 8 displays the velocity profile plotted for varying 
Schmidt numbers (Sc). Higher Sc reduces species 
diffusivity, weakening buoyancy-induced flow and lowering 
velocity. This results in a thinner velocity boundary layer. 
Lower Sc enhances diffusion, increasing buoyancy effects 
and velocity magnitude. The figure highlights the 
interaction between mass diffusion and momentum 
transport. This is in agreement with the findings of Uda et 
al. (2002). 

Figure 9 illustrates the effect of thermal Grashof number 
𝐺𝑟𝜃on velocity distribution. Increasing 𝐺𝑟𝜃enhances 
temperature-induced buoyancy, raising velocity and 
thickening the boundary layer. Lower values reduce 
buoyancy forces and flow strength. This demonstrates the 
role of thermal convection in EMHD flow. It is significant for 
heat-driven transport processes in line with  the  finding  of  
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Figure 9. Velocity profile u against boundary layer r for varying 
Grashof number in term of temperature (𝐺𝑟𝜃). 

 
 
 

 
 

Figure 10. Velocity profile u against boundary layer r for varying 
Radiation term (ℜ). 

 
 
 

Uda et al. (2001). 
Figure 10 showcases the velocity profile for different 

radiation parameters (R). Increasing R enhances radiative 
heating, which strengthens buoyancy forces and increases 
velocity. This leads to a thicker velocity boundary layer. 
Lower R weakens thermal effects, reducing flow intensity. 
The results emphasise the indirect influence of radiation 
on fluid motion which proves the exact result with Shin-Ya 
et al. (2006). 
Figure 11 presents the velocity profile for varying Prandtl 
numbers. Higher Pr reduces thermal diffusivity, indirectly 
influencing momentum transport and reducing velocity 
spread. Lower Pr enhances thermal diffusion and 
broadens the velocity profile. This demonstrates the 
coupling between heat and momentum transfer which also 
proves the same output with Ojo et al. (2025). It is 
important for optimising coating and thermal processes. 

Figure 12 illustrates the effect of the Hartmann number 
on velocity. Increasing the Hartmann number strengthens 
electromagnetic   (Lorentz)   forces,  which   suppress   fluid 

 

 



 

68       Appl. J. Phys. Sci. 
 
 
 

 
 

Figure 11. Velocity profile u against boundary layer r for varying 
Prandtl number (Pr). 
 
 
 

 
 

Figure 12. Velocity profile u against boundary layer r for 
varying Magnetic Hartmann number (𝐻𝑎). 

 
 
 

 
 

Figure 13. Velocity profile u against boundary layer r for 
varying Electroconductivity parameter (𝜎). 
 
 
 

motion. This results in reduced velocity and enhanced flow 
stability. Lower values allow greater fluid movement due to 
weaker magnetic influence. The results highlight magnetic 
field control in EMHD systems. This result agreed with the  

 
 
 
 

 
 

Figure 14. Effective Thermal Diffusivity profile 𝛼𝑒𝑓𝑓 against 

Radiation (R). 
 
 
 

 
 

Figure 15. Sherwood profile (Sh) against Chemical reaction (K).  
 
 
 

findings of Majidi Zar et al. (2024). 
Figure 13 shows the influence of electrical conductivity 

on the velocity profile. Higher conductivity enhances 
electromagnetic interactions, modifying flow behaviour 
and improving controllability. This result is in agreement 
with the findings of Albuquerque et al. (2024).  It acts as a 
key parameter in regulating fluid motion and stability. 
Lower conductivity reduces this effect. This is important for 
EMHD-based material processing.  
Figure 14 showcased the variation of effective thermal 
diffusivity 𝛼eff with radiation parameter (R). Increasing R 

enhances radiative heat flux, leading to higher 𝛼eff. This 
promotes stronger energy transport and thickens the 
thermal boundary layer. Heat penetrates deeper into the 
fluid domain under strong radiation. This is beneficial for 
thermal treatment applications. The outcome is in 
agreement with the work of Muhammad et al. (2024) 

Figure 15 shows the effect of the chemical reaction 
parameter (K) on the Sherwood number (Sh). Increasing 
K reduces Sh due to intensified species consumption  near 
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Figure 16. Sherwood profile (Sh) against Schmidt number (Sc)  
 
 
 

 
 

Figure 17. Nusselt number (Nu) against Radiation parameter (R).  
 
 
 

important for reactive transport processes. This 
demonstration is in agreement with the work of 
Nascimento et al. (2024). 

Figure 16 indicates the variation of Schmidt number (Sc) 
on Sherwood number (Sh). Higher Sc increases Sh due to 
reduced mass diffusivity and steeper concentration 
gradients. This enhances surface mass transfer rates. 
Lower Sc produces weaker gradients and reduced 
transfer. The results confirm the role of diffusivity in 
species transport in agreement with the work of Kayalvizhi 
and Vijaye (2022). 

Figure 17 presents the effect of the radiation parameter 
(R) on the Nusselt number (Nu). Increasing R enhances 
heat transfer by strengthening temperature gradients near 
the surface. This leads to higher Nu values. Radiative the 
surface. This weakens the concentration gradient 
responsible for mass transfer. Consequently, diffusion 
rates decrease within the boundary layer. The result is 
effects significantly improve thermal performance in 
agreement with the work of Madkhali et al. (2021). The 
results  support   the  use  of r adiation  in  high-temperature   
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Figure 18. Nusselt number (Nu) against Prandtl parameter (Pr). 

 
 

 
 

Figure 19. Skin friction (𝐶𝑓) against Grashof number in term of 

temperature 𝐺𝑟𝜃. 
 
 
 

systems.  
Figure 18 indicates the variation of Prandtl number (Pr) 

on Nusselt number (Nu). Higher Pr increases Nu due to 
reduced thermal diffusivity and sharper temperature 
gradients. This enhances surface heat transfer efficiency. 
Lower Pr weakens the thermal gradient and reduces Nu. 
The findings are relevant for high-viscosity fluid 
applications and the outcome is in agreement with the 
work of Sandeep et al. (2024).  

Figure 19 illustrates the effect of thermal Grashof 
number 𝐺𝑟𝜃 on skin friction coefficient 𝐶𝑓. Increasing 

𝐺𝑟𝜃strengthens buoyancy forces, leading to higher surface 
shear stress. This enhances momentum transport near the 
wall. Lower values reduce flow acceleration and shear. 
The results are important for drag control which is in 
agreement with the work of Preetham and (2024). 

Figure 20 presents the variation of solutal Grashof 
number 𝐺𝑟𝜙on skin friction coefficient 𝐶𝑓i. Increasing 

𝐺𝑟𝜙enhances concentration-induced buoyancy, raising 

shear stress at the surface. This leads to stronger velocity  
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Figure 20. Skin friction (𝐶𝑓) against Grashof number in term of 

concentration 𝐺𝑟𝜙. 

 
 
 

gradients. Lower values reduce this effect. The findings 
are significant for mass-transfer-driven flows in line with 
the work of Muzara and Shateyi (2023). 

 
 
Conclusion 
 
In this study, a Hankel-transform-based optimisation 
framework has been successfully applied to analyse 
electromagnetohydrodynamic (EMHD) fluid flow over a 
cylindrical surface, a configuration highly relevant to 
modern advanced material processing technologies. The 
cylindrical geometry introduces strong radial interactions, 
and the application of the zero-order Hankel transform 
effectively captures these effects by transforming the 
governing equations into analytically tractable forms. The 
results reveal that electromagnetic forces play a dominant 
role in regulating momentum and thermal transport, where 
increased electromagnetic interaction induces Lorentz 
damping, thereby suppressing velocity profiles while 
modifying the temperature field. 

The Hankel-based spectral approach demonstrates high 
computational efficiency and mathematical robustness, 
offering accurate closed-form solutions in terms of Bessel 
functions. The parametric optimisation carried out in this 
work provides critical insights into achieving enhanced 
thermal uniformity and reduced hydrodynamic resistance 
in cylindrical processing systems. These findings are 
particularly valuable for improving operational efficiency in 
applications such as coating, extrusion, and thermal 
treatment processes. 

Future research may extend this analytical framework to 
more complex systems, including hybrid nanofluids, 
transient EMHD flows, and three-dimensional cylindrical 
geometries, alongside experimental validation for 
industrial applicability. Overall, the influence of key 
dimensionless parameters—such as the electromagnetic 
interaction parameter,  Prandtl  number,  Schmidt  number,  

 
 
 
 
and thermal radiation parameter—has been comprehe-
nsively established, leading to the following major 
observations: 
 
1. Hankel-based optimisation provides an efficient and 

accurate analytical tool for controlling EMHD fluid flow 
over cylindrical surfaces in advanced material 
processing systems.  

2. The velocity and temperature distributions are strongly 
influenced by electromagnetic interaction, Prandtl 
number, Schmidt number, and thermal radiation 
effects.  

3. Increasing electromagnetic interaction enhances 
Lorentz forces, leading to reduced fluid velocity and a 
thinner momentum boundary layer.  

4. Thermal radiation significantly increases radial heat 
penetration, thereby thickening the thermal boundary 
layer and improving heat distribution.  

5. The study confirms that appropriate tuning of 
electromagnetic and transport parameters can 
effectively optimise heat and mass transfer 
performance in cylindrical manufacturing processes. 
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